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Abstract

We study bivariate generating functions for the number of involutions in .S,, subject
to two restrictions. One restriction is that the involution avoid 3412 or contain 3412
exactly once. The other restriction is that the involution avoid another pattern m or
contain 7 exactly once. In many cases we express these generating functions in terms
of Chebyshev polynomials of the second kind.
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1 Introduction and Notation

Let S,, denote the set of permutations of {1,...,n}, written in one-line notation, and suppose
m € S,. We write |r| to denote the length of 7, and for all i, 1 < i < n, we write 7(i) to
denote the ith element of . We say 7 is an involution whenever 7(w(i)) = ¢ for all 4,
1 < i < n, and we write [, to denote the set of involutions in .S,,. Now suppose m € 5,
and o € S;. We say a subsequence of 7 has type o whenever it has all of the same pairwise
comparisons as 0. For example, the subsequence 2869 of the permutation 214538769 has
type 1324. We say m avoids o whenever m contains no subsequence of type o. In this
context o is sometimes called a pattern or forbidden subsequence and 7 is sometimes called
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a restricted permutation or pattern-avoiding permutation. In this paper we will be interested
in involutions which avoid several patterns, so for any set R of permutations we write I,,(R)
to denote the set of involutions in S,, which avoid every pattern in R and we write I(R) to
denote the set of all involutions which avoid every pattern in R.

In [1] Egge connected generating functions for various subsets of 1(3412) with continued
fractions and Chebyshev polynomials of the second kind, and gave a recursive formula for
computing them. For instance, he showed [1, Theorem 3.3| that
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write 7,(7) to denote the number of decreasing subsequences of length k in 7. Egge also
showed [1, Theorem 6.1] that for all & > 1,
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Here U, (x) is the nth Chebyshev polynomial of the second kind, which may be defined by
U, (cost) = M

sin
we will use this notation throughout the paper. Egge proved (2) and (3) using the following

. Here we also write [k] to denote the permutation k(k —1)...21;

recursive formula [1, Corollary 5.6] for the generating function F(z) = Z 29! which
o€l(3412,7)
makes it possible to compute F,(x) for any permutation :
k
Fe(x) =1+ 2Fs(x) + 2° ) (Fagmsar(t) — Fammaas(®)) Fa-oa, (2). (4)
i=1
Here the various subscripts of F' on the right are the types of certain subsequences of 7. For
other results concerning one-variable generating functions for pattern-avoiding permutations,
continued fractions, and Chebyshev polynomials, see [2, 4, 5] and their references.
We begin this paper by extending Egge’s results to certain bivariate generating functions
involving the statistic tc(m), which is the number of two-cycles in 7. For instance, combining

(1) with [1, Proposition 3.8], one routinely obtains a continued fraction representation of

the generating function > 410y [ 115 Izk(ﬁ)ytc(w)

this perspective by proving bivariate analogues of (2)—(4). For instance, we show that for all
kE>1,

. Using Egge’s techniques, we expand on
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These results follow from our analogue of (4), which is the following recursive formula for

the bivariate generating function F,(x,y) = Z zlolytel@).
o€l(3412,7)
k
Fr(z,y) = 1+ aFs(e,y) + 2%y Y (Fagmaa (@, 9) — Fagmsa(1,9)) Faooa (1),
i=1

This result makes it possible to compute Fy(z,y) for any permutation 7.

In addition to bivariate generating functions for involutions which avoid 3412 and a set
of additional patterns, we also study bivariate generating functions for involutions which
avoid 3412 and contain a given pattern 7 exactly once. For any patterns o, and oy and any
n > 0, we write I,,(01; 02) (resp. I(0y;02)) to denote the set of involutions of length n (resp.
of any length) which avoid ¢; and contain exactly one subsequence of type oo. We first use
the recursive structure of 1(3412) to obtain recurrence relations for the generating function
Gr(z,y) = Z #171y1(@) for certain 7. Using these recurrence relations we find G (x, y)

oel(3412;m)
for various 7 in terms of Chebyshev polynomials of the second kind. For example, we show
that for all £ > 3,
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and we find similar results when 213 is replaced with any permutation of length three.
We then turn our attention to the set I(;3412) of involutions which contain exactly
one subsequence of type 3412. Like I(3412), the set I(;3412) has an interesting and useful

recursive structure, which we describe. We then use this structure to obtain recurrence re-
te(o

Gk...4213(if> ?/) =

lations for the bivariate generating function Py (z,y) = Z z17lyte(@)  These recurrence
o€l(m;3412)

relations enable us to find Py (x,y) for various 7 in terms of Chebyshev polynomials of the

second kind, in spite of the fact that I(;3412) does not appear to be connected with any

natural set of lattice paths. For example, we show that for all £ > 1 we have
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where waji1(z,y) =1+ x — x2H2yr — g2 3yi+1,

In the final section of the paper we briefly study generating functions for the set of
involutions which contain exactly one subsequence of type 3412 and exactly one subsequence
of type .



2 The Recursive Structure of 1(3412)

In this section we recall the natural recursive structure of 1(3412), which was first observed
by Guibert [3, Remark 4.28]. To describe this structure, it is convenient to introduce three
ways of combining permutations. In particular, suppose 7 € S,,, and o € S,,. We write 1@ o
to denote the direct sum of m and o, which is the permutation in S,,1, given by

() if1<i<m,
(W@U)(z)_{a(i—m)—l-m ifm+1<i<m+n.

We write 7 & o to denote the skew sum of m and o, which is the permutation in S,,1, given
by
N m@)+n if1<i<m,
(mSo)(i) = {a(z’—m) ifm+1<i<m-+n.

Finally, we write 7 * ¢ to denote the permutation in S, , 2 given by
Txo=(lorol)do.

We now describe the recursive structure of 7(3412).
Proposition 2.1 (/1, Proposition 2.8])

(i) For alln > 1, the map
Lo1(3412) — I,(3412)
™ — 1&m

is a bijection between I,_1(3412) and the set of involutions in I,(3412) which begin
with 1.

(ii) For alln >0 and all j such that 2 < j < n, the map

I, 5(3412) x I,,—;(3412) — 1,(3412)
(m,0) — X

is a bijection between I;_5(3412) x I,,_;(3412) and the set of involutions in I, (3412)
which begin with j.

3 Involutions Which Avoid 3412 and Another Pattern

We now turn our attention to certain bivariate generating functions for involutions in 7(3412)
which avoid a set of additional patterns. We begin by recalling a method of decomposing
permutations and a map on permutations.

Definition 3.1 Fiz n > 1. We call a permutation m € S, direct sum indecomposable
whenever there do not exist nonempty permutations m and mo such that m = 7 @ ms.

Observe that for every permutation 7 there exists a unique sequence of direct sum inde-
composable permutations aq, ..., ar such that 1 = a; ® as ® -+ D .

Definition 3.2 For any permutation m, we define T as follows.
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1.0=0and1=0.
2. If || > 2 and there exists a permutation o such that t =160 S 1 then T =o0.

3. If |w| > 2, there exists a permutation o such that m =16 o, and o does not end with
1 thenT=o0.

4. If |m| > 2, there exists a permutation o such that m = 0 © 1, and © does not begin with
|| then T = 0.

5. If |m| > 2, m does not begin with |r|, and m does not end with 1 then T = .

Observe that if 7 and ¢ are permutations then 1 & 7 & 1 avoids o if and only if 7 avoids 7.
For any involution 7, we write tc¢(m) to denote the number of two-cycles in 7. For any
set of permutations T we write

Fr(z,y)= ) almy®.

rel(3412,T)

Egge has shown [1, Corollary 5.6] that if 7 = a; & - - - @ «y, is a permutation and aq, ..., ax
are direct sum indecomposable then

k
F, (ZL’ 1) =1 —l—l’Fg x, 1 —l—l’zz oo ZL’ 1) FW(ZE,D) Fai@,,,@ak(l’,l), (5)
=1

where 0 =mifa; #1and = as @ --- @ ay if @y = 1. Our main result in this section is
the following analogue of (5) for F(z,vy).

Theorem 3.3 Suppose m = ay @ - - - D ay 1S a permutation, where aq, ..., a are direct sum
indecomposable. Then

k
Fr(z,y) = 1+ aFs(e,y) + 2%y Y (Fagmaa(®:9) — Fasmsa(@,9)) Fas-sa(,y). (6)

i=1
Here =7mifay #1land B=as ® - - D ay if a; = 1.

Proof. The set 1(3412, 1) can be partitioned into three sets: the set A; containing only the
empty permutation, the set A, of those involutions which begin with 1, and the set A3 of
those involutions which do not begin with 1.

The set Ay contributes 1 to the desired generating function.

In view of Proposition 2.1(i), the set Ay contributes zF(z,y) to the desired generating
function, where f =mwif oy Zland f=as ® -+ - D o if p = 1.

To obtain the contribution of A3 to the desired generating function, we first observe that
in view of Proposition 2.1(ii), all permutations in A3 have the form oy * 0. Since each «; is
direct sum indecomposable, if o1 x5 contains a subsequence of type «; then that subsequence
is entirely contained in either 1607 &1 or 05. As a result, the set of involutions which avoid
3412 and 7 and which do not begin with 1 can be partitioned into sets By, ..., By, where B;
is the set of such involutions in which o, contains a; @ -+ ® a;_; but avoids a1 @ - - - D ;.




Since [,,(3412, 04 @ -+ @ a—1) C 1,(3412, 1 @ - - - @ «v;), and since the number of two-cycles
in o1 * 09 is one more than the total number of two-cycles in o7 and o5, the contribution of
the set Az to the desired generating function is

k
$2y Z (Fal@”'@ai ($, y) - Fal@”'@aifl(l" y)) Fai@'”@ak (l’, ’y)

i=1
Add the contributions of Ay, Ay, and Aj to obtain (6). O
Theorem 3.3 above is an analogue of [1, Corollary 5.6], which is a special case of [1,

Theorem 5.5]. Using Egge’s techniques, one can also prove an analogue of [1, Theorem 5.5].
To state this result, we first set some notation.

Definition 3.4 LetT = {m,...,m,} denote a set of permutations and fix direct sum inde-
composable permutations Oéé», 1<i<m,1<j <k, suchthat m; =’ ® - ® aii. For all
i1,y such that 0 < iy < k;, let T/ = {al & @al,....,a" &---@a }. For any
subset Y C {1,...,m}, set

Ty =Hel@@al ) |J {efo@al}

Jey JEY,1<j<m

Theorem 3.5 With reference to Definition 3.4,

k1yeooskm
Fr(z,y) = 1+ xFya(x,y) + 2%y Y Y. )MP(x,y) | Fy

i1ymim=1 \YC{1,2,...m}

ot (x,9).

%
JEXEEE) m

Here 3(m;) = m; if of # 1, B(m) = aiy®- - @, if of = 1, and B(T) is the set of permutations
obtained by applying B to every element of T'.

We omit the proof of Theorem 3.5 for the sake of brevity.

Using (6), it is possible to find Fi(z,y) for any permutation m. For the remainder of
this section we concentrate on a family of permutations connected with a certain symmetry
conjecture. We express all of our generating functions in terms of Chebyshev polynomials of
the second kind, so we begin by recalling these polynomials.

Definition 3.6 For all n we write U,(x) to denote the nth Chebyshev polynomial of the
sin((n + 1)t)

second kind, which is defined by U,(z) = 0 for n < 0 and U,(cost) = it for
n > 0. These polynomials satisfy
Un(z) = 22U, 1 () — Up—a(x) (n #0). (7)

We will often use a certain specialization of U, (x), which is defined for all n by

V, = Vi(z,y) = Uy (;I_\/:;) .

Observe that by (7) we have
\YVn(,y) = (1= 2)Vor (2, y) — 23/yVaa (2, y). (8)

Turning our attention to Fi(z,y), we now consider permutations of the forms [j|&mo[j],
j]©m, and m & [j].



Proposition 3.7 For any permutation ™ we have

1
1 _l’_l’zyFw(l’>y).

Fl@r@l(% y) =

— fO(mvy)

= Fay Jor polynomials fo and f, then for all j > 1,

Moreover, if Fr(z,y)

f1($>y)‘/}—1($>y) - l’\/gfo(l’,y)‘/}_z(l’,y)
l’\/gfl(l’ay)v;(l’>y) - l’zny(l’>y)V}—1(l’>y)‘

Fijemei (€, y) = (10)

Proof. To prove (9), replace 7 with 1 © 7 & 1 in (6), use the fact that 1 © 7 © 1 is direct
sum indecomposable and =16 7 S 1 to simplify the result, and solve for Fioqe1(x,y).

To prove (10) we argue by induction on j. When j = 1 the result is immediate from (9),
so we assume j > 2 and the result holds for j — 1. Replace 7 with [j —1jer&[j—1] in (9),
use induction to eliminate F};_1jorc[j—1)(,y) on the right, and use (8) to simplify the result
and obtain (10). O

Arguing as in the proof of Proposition 3.7, one can show that if 7 does not end with 1
then (9) and (10) hold when 1 &7 & 1 (resp. [j] © m © [j]) is replaced with 1 & 7 (resp.
[7] © 7). Similarly, one can show that if 7 does not begin with || then (9) and (10) hold
when 167161 (resp. [j] © 7 & [j]) is replaced with 7 & 1 (resp. 7 & [j]).

With Proposition 3.7 and its analogues in hand, we are ready to compute Fy(x,y) for
various m. We begin with 7 = [k], which is the decreasing permutation of length k.

Theorem 3.8 For all k > 1 we have

Vk—l ($> y)

z/yVi(z,y) ()

F[2k] ($> y) =

and
\/?7Vk—1 ($> y) + Vi—o ($> y)

l’\/g (\/gvk($>y) + Vk—1($>y)) ‘

Proof. To prove (11), set 7 =) and j = k in (10) and use the fact that Fr(z,y) = 2.
The proof of (12) is similar to the proof of (11). O

Flar—y(x,y) = (12)

We now focus our attention on the case in which 7 is a layered permutation.
Definition 3.9 Fiz n > 1 and let ly,ls,...,l,, denote a sequence such that l; > 1 for

1<i<mand > l; =n. Wewrite [l1,ls,...,ly] to denote the permutation in S, given by
i=1

Ui loy oo l] =[] @ -+ @ L)

We call a permutation layered whenever it has the form [l . .., ly) for some sequence ly, . .., lp,.

Observe that if m > 2 then [l1,...,0L,] = [l1,...,n]. In view of (6), (11), and (12), the
generating function Fy, . ; 1(x,y) can be expressed in terms of Chebyshev polynomials of
the second kind for any layered permutation [l1,...,ly]. To do this for m = 2 we will use
the following well-known identity for Chebyshev polynomials.

7



Lemma 3.10 For all k,1 > —1 and all w > 0 we have
UktwUitw — UpUp = Upy—1 Uggidwt1 - (13)

It will also be useful to record the recurrence relations for Fy; j(x,v).
Lemma 3.11 For allk > 2 and all | > 1 we have

o 14
(7, y) 1 — 22y Fy(z,y) .
and 1 Y F2) (@, ) Fiy(2, 9)
— VY e\ T, Y) FplT, Y
Foon) k2] 1 (15)

1 — 2 — 2%y Fy_g(x,y) — 22y Fy(z,y)

Proof. To prove (14), set m = [1,1] in (6) and solve the resulting equation for Fj; y(z,y).
The proof of (15) is similar to the proof of (14). O

We now compute Fj;j(x,y) when k£ and [ are not both odd.
Theorem 3.12 For all k,l > 1 such that k and | are not both odd we have

Fin(z,y) = Fqy(z,v). (16)

Proof. We consider four cases: k = 1 and [ is even, k and [ are both even, k is even and [
is odd, and k£ > 1 is odd and [ is even. All four cases are similar, so we only give the details
for the case in which k is even and [ is odd.

In (15) replace k with 2k and [ with 20 — 1, use (11) and (12) to write the result in terms
of Chebyshev polynomials, clear denominators, and use (8) in the resulting denominator to
obtain

Vit (VOVi+ Vic1) = Vi (ViVier + Vies)
/Y (Vk (\/§VZ + ‘/2_1) — Vi1 (\/§Vl_1 + Vi—z)) .

Now apply (13) to the numerator and denominator to obtain the right side of (12) with &
replaced by k + [, as desired. O

F[2k,21—1] (17, y) =

Next we compute Fi;j(z,y) when k and [ are both odd.
Theorem 3.13 For all k,1 > 1 we have

YVirim1 + 2/yViri—2 + Vi3
/YW Virt + 20/ YVirio1 + Vii2)

For—12-1)(z,y) = (17)

Proof. We consider two cases: k =1 and k > 1. These are similar, so we only give details
for the case in which k£ > 1.

In (15) replace k with 2k — 1 and [ with 2/ — 1, use (12) and (8) to write the result
in terms of Chebyshev polynomials, clear denominators, and use (8) in the denominator to
obtain

_ (\/M_l + Vk—z)(\/?j‘/i +Viy) — (\/?Wk_z + Vk—s)(\/?j‘/i—1 + Vi_2)
Ty ((\/§Vk + Vic) VYV + Vier) — (VY Vier + Vi) (VyVier + Vi—z)) ‘

8
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Group terms in the numerator and denominator by powers of y and apply (13) repeatedly
to obtain (17), as desired. O

When m > 3 the generating function Fy, _; j(x,y) does not reduce quite as nicely as it
does when m = 2. For example, using the same techniques as in the proof of Theorem 3.12
one can prove that for all kq, ko, ks > 1,

Vier +ka ks Vier +ho ks —1 + Vi tkg —1 Vi ks —1 Vio 11
f\/?jvkl +ko Vkl +k3 sz +k3

Nevertheless, (16), (17), and (18) suggest the following conjecture.

Flok, 2ks,2ks) (z,y) = (18)

Conjecture 3.14 Forallm > 1 and allly, ..., 1, > 1, the generating function Fy, _..(z,y)
18 symmetric in ly, ..., lLy.

We have verified this conjecture in the case m = 3 for [; < 24 and in the case m = 4 for
l; < 20 using a Maple program.

Egge has previously conjectured [1, Conjecture 6.9] that Fy, ;. (z,1) is symmetric in
l1,...,Ln; clearly [1, Conjecture 6.9] follows from Conjecture 3.14.

4 Involutions Which Avoid 3412 and Contain Another
Pattern Exactly Once

In [1] Egge finds the generating function for the involutions in /(3412) which contain exactly
r subsequences of type [k]. Using similar techniques, it is routine to find the corresponding
bivariate generating function in which the second variable records the number of two-cycles.
In this section we study bivariate generating functions for involutions which avoid 3412 and
contain another pattern exactly once. In particular, for any permutation 7= we write

Ga(w,y)= Y ally .

o€l(3412;m)

In this section we give recurrence relations for G, (z,y) for certain 7 and we use these
recurrence relations to give G, (x,y) in terms of Chebyshev polynomials for some of these .
We begin with the case in which 7 begins with |r| and ends with 1.

Proposition 4.1 For any permutation m which begins with || and ends with 1 we have
Gieret (2,y) = 172?/G7r(17, Yy) (Fieren(z, ?/))2 : (19)

Proof. To prove (19), first observe that the set 1(3412;1© 7S 1) can be partitioned into two
sets: the set A; of those involutions which begin with 1 and the set Ay of those involutions
which do not begin with 1.

In view of Proposition 2.1(i), the set A; contributes *Giore1(,y) to the desired gener-
ating function.

In view of Proposition 2.1(ii), every permutation in Ay has the form oy%0y. Since 16761
is direct sum indecomposable, Ay can be partitioned into two sets: the set B; of involutions
in which 16781 occurs in 1© 0791 and the set By of involutions in which 1 &7 & 1 occurs



in 09. The set By contributes 2?yG(x,y) Fiore1 (7, y) to the desired generating function and
the set By contributes 22yGiere1 (x, y) Fr(z,y).
Add the contributions of Ay, By, and B and solve the resulting equation for Giorc1(, y)
to obtain
2*yGr(2,y) Frexe (2, y)
1 -2 —ayFe(z,y)

Gierel (517> y) =

Now (19) follows from (9). O

Arguing as in the proof of Proposition 4.1, one can show that if 7 begins with |7| and
does not end with 1 then (19) holds when 1 © 7w © 1 is replaced with 1 © 7. Similarly, one
can show that if 7 ends with 1 and does not begin with || then (19) holds when 167 & 1
is replaced with 7 © 1.

For the remainder of this section we use Proposition 4.1 and its analogues to compute
Gr(z,y) for various 7. In each case we express G.(z,y) in terms of Chebyshev polynomials
of the second kind. We begin with G (z,y) for various 7 of length 2 or 3.

Proposition 4.2 We have

1.2

Glz(iﬂ,y) = m, (20)
G312 Z, = G231 Z, = 1'4'3/(1 — l’zy)z 35 21
) = Gl ) = 0 ) — a2y (L 4 2) 2
and
G213(£B,y) = G132(I>y) = e (22)

1—2— a2y

Proof. To prove (20), first observe that if a permutation contains exactly one subsequence of
type 12 then it has the formn (n—1)...(i4+2) i (i+1) (i—1) ...21 forsome i, 1 <i <n—1.
Now observe that permutations of this form are involutions if and only if n is even and 7 = 7.
Now (20) follows.

To prove (21), first observe that 312 is the reverse complement of 231, and the reverse
complement operation preserves the cycle structure, so Gsia(z,y) = Gogi(z,y). To find
Gs12(z,y), first argue as in the proof of Proposition 4.1 to find

1+z

Ga12(7,y) = 2Ga12(z, y) + 2’y Hs12,12(z, y) Faia(, y) + iﬂzyTZ’g/G?’l?(i’% ), (23)

1 —
where H3ia12(2,y) is the bivariate generating function for the involutions which avoid 312
and contain exactly one subsequence of type 12. To obtain Hsio12(,y), observe that if a
permutation avoids 312 and contains exactly one subsequence of type 12 then it has the form
(n — )n(n — 2)(n — 3)---21. Among these, only 12 is an involution, so Hzi212(z,y) = z2.
Use this to eliminate Hszi212(z,y) in (23), use the fact that

1 — 2%y
1—2)(1—2%)—2?y(l + )

Fia(2,y) = (

to eliminate F315(x,y), and solve the resulting equation for G312(x,y) to complete the proof
of (21).

10



The proof of (22) is similar to the proof of (21), using

Goi3(z,y) = 2Gas(z,y) + 2%y + 2’yGas(x, y).
O

Using our expressions for Gz12(z, y) and Gz (x, ), we obtain expressions for Giyje231 (2, y)
and G[k]@H(L y)
Proposition 4.3 For all k > 1 we have

v (1 —=%y)* '
((1 —22y)Vie — 2 /y(1 + :B)Vk_l)z

Proof. The fact that Gyei2(z,y) = Gr—1]e231(2, y) follows by induction on k from (21) and
the analogue of (19) in which 1 © 7 & 1 is replaced with 1 © 7.

To complete the proof of (24) we show that Gpei2(x,y) is equal to the quantity on the
right for & > 0. Arguing by induction on k, first observe that when k = 1 the result is
immediate from (21). Now suppose k& > 2 and the result holds for k —1. Set 7 = [k — 1] & 12
in the analogue of (19) in which 1 &7 &1 is replaced with 1 © 7. Using the analogue of (10)
in which [j] © 7 © [j] is replaced with [j] © 7 and the fact that Fia(x,y) = 1% we have

1—z2y
(1 —2?y) Vg — oY1+ 2)Vio
o\ /y(1 — 22y)Vi — 22y(1 + 2)Viy

Use this to eliminate Fyyei2(z,y) and use induction to eliminate Gp,_1js12(2, y) and obtain
the quantity on the right side of (24), as desired. O

G[k]@12(a7>y) = G[k—l]ez?,l(if,y) = (24)

F[k]el2(a7> y) = (25)

We conclude this section by obtaining expressions for Gye13(z, y) and Geise (@, y).
Proposition 4.4 For all k > 1 we have

(1 — 2 — 2%y)? ‘
(1—=) (Vk—l—l - ZE\/?jvk)z

Proof. To derive Gye213(, y), first argue as in the proof of (21) to obtain

G[k]ezm(if,y) = G[k]el?,z(if,y) =

3

x
Gana(r,y) = 2Guors(z,y) + 2%y - 1 vy Fuona(z,y) + 2°y Fors(w, y)Gazis(, y).

Solve this equation for Ga213(z,y) and use the fact that

Vi — Vi
k— T\/YVi-1 (k> 0)
T/ Y(Virr — 2/yVi)
to simplify the result. To find Gpye213(,y), use the analogue of (19) in which 1© 7 © 1 is
replaced with 1 © 7w and argue by induction on k.
The derivation of Gyei32(2,y) is similar to the derivation of Gye2is(z,y). O

F[k]e132(55>?/) = F[k]ezm(%?/) =

Using the same techniques one can also compute Gio3(x,y); we leave this derivation as
an exercise for the diligent reader.

In view of Conjecture 3.14 one might conjecture that Gy, . ;. j(x,y) is symmetric in
l,...,ly. However, it is not difficult to verify that the coefficient of 2° in Gjo 1 1j(, y) is y and
the coefficient of 2° in Gy 2.1)(z, y) is 0, from which it follows that G 1 1(, y) # G 211(, y),
and even that Ga11)(2, 1) # Gngy(z, 1).
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5 Involutions Which Contain 3412 Exactly Once and
Avoid Another Pattern

In this section we study involutions which contain exactly one subsequence of type 3412. We
begin by describing the recursive structure of the set of such involutions. We then use this
recursive structure to find the bivariate generating function

Po(z,y)= ) ally

o€l(m;3412)

for various permutations 7. Often we obtain relatively simple expressions for P (z,y) in
terms of Chebyshev polynomials of the second kind. We start with the notion of a crossing
in an involution.

Definition 5.1 Let m denote an involution. A crossing in m is a sequence 1 < j < k <l
such that w(i) = k and w(j) = . Each crossing has a corresponding subsequence in 7, given
by ()7 (j)m (k) (l).

Observe that in an involution every crossing produces a subsequence of type 3412, but
some subsequences of type 3412 do not have corresponding crossings. For example, 563412
has one crossing and three subsequences of type 3412. However, as we show next, involutions
which avoid 3412 are exactly those involutions which have no crossings.

Proposition 5.2 Suppose 7 is an involution. Then m avoids 3412 if and only if © has no
CTrossIngs.

Proof. (=) Suppose 7 € 1(3412). Observe that if abed is a crossing then its corresponding
subsequence has type 3412. But 7w avoids 3412, so 7 has no crossings.

(«<=) Suppose 7 is an involution and 7(a) 7(b) 7(c) 7(d) is a subsequence of type 3412;
we show 7 contains a crossing. We first consider the case in which 7(a) < a. Since 7(c) <
7m(a) < aand 7(d) < w(a) < a, we find that 7(c) < cand 7(d) < d. It follows that 7(c)7(d)cd
is a crossing, since w(c) < m(d). Now suppose 7(a) > a, and by a similar argument we find
w(b) > b. It follows that abm(a)m(b) is a crossing, since 7(a) < 7(b). O

We now consider crossings in involutions which contain exactly one subsequence of type
3412.

Corollary 5.3 Suppose 7 is an involution with exactly one subsequence of type 3412, given
by m(a)w(b)w(c)n(d). Then m has exactly one crossing, which is abcd.

Proof. By Proposition 5.2, the involution 7 has at least one crossing. Moreover, each
crossing corresponds to a subsequence of type 3412, so w has at most one crossing. It follows
that 7 has exactly one crossing. In addition, the subsequence corresponding to this crossing
has type 3412, so the subsequence must be 7 (a)w(b)w(c)w(d). It follows that the crossing is
abed. O

We now describe the recursive structure of 1(;3412).
Theorem 5.4 Fix w € 1,(;3412). Then exactly one of the following holds.

(i) 7 begins with 1.

12



(ii) 7 does not begin with 1, 1 is not an element of the subsequence of m of type 3412, and
this subsequence lies between m(1) and 1.

(iii) 7 does not begin with 1, 1 is not an element of the subsequence of ™ of type 3412, and
this subsequence lies entirely to the right of 1.

(iv) 1 is an element of the subsequence of ™ of type 3412.

Proof. Observe it is sufficient to prove both of the following.

(A) If © does not begin with 1 and 1 is not an element of the subsequence of type 3412
then this subsequence lies between 7(1) and 1 or it lies entirely to the right of 1.

(B) If 1 is an element of the subsequence of 7 of type 3412 then 7 does not begin with 1.

To prove (A), suppose by way of contradiction that m(a)mw(b)7(c)m(d) is the subsequence
of type 3412 and 1 lies between 7(a) and 7(d). By Corollary 5.3 we have 7(a) = ¢ and
m(b) = d. It follows that at least one of 7(1)alc and w(1)bld is a crossing in 7. But abed is
the unique crossing in 7, so ¢ = w(a) = 1, which contradicts the fact that 1 is not an element
of the subsequence of 7 of type 3412.

To prove (B), observe that if 1 is an element of the subsequence of type 3412 in 7 then
it is the third element of this subsequence, so it cannot be the first element of 7. O

Definition 5.5 For any permutations m, 7, and w3 we write m ® Ty ® w3 to denote the
permutation in Sy |+jm|+rs|+4 Which is given by

(|m1] + |m2| + 3 ifi=1
m@i—1)+1 if2<i<|m|+1
1| + 2| + [m3] + 4 ifi=|m|+2
(M @ma®ms) (i) =  m2(i — [m| — 2) + [m| + 2 if 3 <i—|m| < |maf +2
1 if’i:|7T1|+|7T2|+3
m3(i — [mi| — [mo| = 3) + [m| + |m2| + 3 if 4 < i —|mi| — [ma| < +[ms +3
( 1+ |m] if i = |mi| + [mo| + 75| + 4

Theorem 5.6 (i) For alln > 1, the map

In_l(;3412) — In(;3412)
T — 1&7

is a bijection between I,_1(;3412) and the set of involutions in I,(;3412) which begin
with 1.

(ii) For alln > 1 and all j such that 2 < j < n, the map

I, 5(;3412) x [,_;(3412) — 1,(;3412)
(m1,m2) > Ty kT

is a bijection between I;_,(;3412) x I,,_;(3412) and the set of involutions in I,(;3412)
which do not begin with 1, in which 1 is not an element of the subsequence of type 3412,
and in which this subsequence lies between w(1) and 1.

13



(iii) For alln >1 and all j such that 2 < j < n, the map

Ij_2(3412) xIn_j(;3412) — In(;3412)
(7T1,772) = T kT

is a bijection between I;_5(3412) x I,_;(3412) and the set of involutions in I,(;3412)
which do not begin with 1, in which 1 is not an element of the subsequence of type 3412,
and in which this subsequence lies entirely to the right of 1.

(iv) For each k >0, set [kl =k k—1 ...21. For alln > 1 and all j,k,m > 0 such that
0<j+k+m<n—4, the map

1;(3412) x I,(3412) x I,,(3412) — I,(;3412)

(m1,m,m3) — (M®&n—j—k—m—4] ®m) B3

is a bijection between 1;(3412) x I,(3412) x I,,(3412) and the set of involutions in
I,,(;3412) in which 1 is an element of the subsequence of type 3412.

Proof. (i) This is immediate from the fact that if 7 begins with 1 then 1 cannot be an
element of a subsequence of type 3412 in 7.

(ii) Observe that if the subsequence of type 3412 lies between (1) and 1 then the elements
of 7 to the left of 1 are 2,3,...,7(1). Now (ii) follows.

(iii) This is similar to the proof of (ii).

(iv) It is routine to verify that every permutation of the given form contains exactly one
subsequence of type 3412, and that 1 is an element of this subsequence.

To show that the given map is one-to-one and onto, suppose m € I,(;3412) and that
1 is an element of the subsequence of type 3412 in w. Let w(a)m(b)w(c)m(d) denote this
subsequence. Then there exist unique sequences oq, 01, 09,03, 04 which avoid 3412 such
that 7 = ogm(a)oym(b)oom(c)osm(d)oy. Since 1 is an element of 7(a)7(b)w(c)m(d) and this
sequence has type 3412, we have 7w(c¢) = 1. By Corollary 5.3 we have 7(1) = a, so o0g is

empty.

Now set j = |o1|, k = |os|, and m = |o4|, so that |os| = n—j—k—m—4. Since abed is the
only crossing in 7, the entries of oy are 2,..., j+1, the entries of o5 are j+3,...,n—k—m—2,
the entries of o3 are n — k —m,...,n —m — 1, and the entries of 04, are n —m +1,...,n.

Moreover, if o5 has a subsequence 7 (e)m(f) of type 12 then 7(a)m(b)w(e)m(f) will have type
3412. It follows that o9 has type [n —j — k —m — 4]. Combining these observations, we
find there exist unique permutations 7y, mo, w3 such that |m| = j, || = k, |7m3] = m, and
T=(m®n—j5—k—m—4 ®m) & ms. It follows that the given map is a bijection, as
desired. O

Using Theorem 5.6, we find the generating function for those involutions which contain
exactly one subsequence of type 3412.

Proposition 5.7 We have

o) (1+2)(4 — 120 + 1222 — 122%y — 423 + 122%y) (1 + 2)(4 — 8z + 42? — 42%y)
l” —_= - .
o\, Y 8z2y(1 — :vzy)\/(:v —1)2 — da%y 8x2y(1 — x2y)

(26)
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Proof. To prove (26), first use Theorems 5.4 and 5.6 to find that

o1+ 1) (Fylay))*

P@($> y) = I’P@(l’, y) + 21’2yP@(l', y)F@(I> y) + 1-— $2y

Now use the fact that

1—z—/(x—1)2 —4a?y

F =

to eliminate Fy(x,y) and solve the resulting equation for Py(z,y) to obtain (26). O

Theorem 5.6 enables us to obtain Picrc1(z,y) for many m. We begin with the case in
which 7 is decreasing.

Proposition 5.8 For all k > 1 we have

Zf;g w2j+1($7 y)v;z ($> y)

Hen o) = 2 ) 20
and oy )
Por—1)(z,y) = Xy a0, ) (VNS0 9) ‘/}_1(55,?/2)) . (28)
(1 —2%y) (VyVi(z, y) + Viei(2,9))
Here wop(z,y) = 1 + 2 — 2?8 yk — o2 2051 and wop_1(z,y) = 1 + o — a2y — g2 +1yk,

Proof. 'To begin, use Theorems 5.4 and 5.6 to find that

2Py (2, y) + 2°y P2 (2, y) Fiig (2, y) + 2*y Flx—9 (2, y) Py (2, v)

wi_3(x,
sty (g ) Ry,
1— a2y
Now solve this equation for Py(x,y), use Theorem 3.8 to eliminate Fiy(z,y) and Fyz_o(z,y)
and argue by induction on k to obtain (27) and (28). O

Proposition 5.8 enables us to find |I,,([k]; 3412)| for various k. For instance, for all n > 4

we find 3 )
p— n —
11,,(321; 3412)| = ”T w1+

Fn—3

and
|1,(4321; 3412)| = 2"7°(3n — 10).
Here F), is the nth Fibonacci number, which is defined by Fy = 0, F; = 1, and F,, =
F,_1+ F,_5 forn > 2.
Next we give a recursive procedure for computing Piorc1(x,y) when 7 is direct sum
indecomposable and is not of the form [k]. This result is the analogue of (9) for Pigre1(x,y).

Proposition 5.9 For any direct sum indecomposable permutation m which is not of the form
[k] we have

2*y(1 + )

Pl@w@l ($>y) = $2y (F16W61($7y))2 (PW(I>y) + 1— l.2y

<Fw<x,y>>2) @)
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Proof. To prove (29), use Theorems 5.4 and 5.6, the fact that « is direct sum indecomposable,
and the fact that 7 is not of the form [k] to find that

(1 — 1z — 22y Fr(z, y)) Piorer(z,y) =
z'y*(1 + )

1—1'2'3/ (Fﬁ(z>y))2F16W61($>y)‘

IzyF16w61($> y)PW($> y) +

Now (29) follows from (9). O

As some of our later results will indicate, the analogue of Proposition 5.9 in which 167161
is replaced with 1 & 7 does not hold in general, even if 7 does not end with 1. Similarly,
the analogue of Proposition 5.9 in which 1 & 7 &1 is replaced with 7 & 1 does not hold in
general, even if 7 does not begin with |r|.

In addition to allowing one to find Pioqe1(x,y), Theorem 5.6 also enables one to find
P,(z,y) when o is not of the form 1 © 7 © 1. For instance, next we obtain Py (z,y) for any
7 of length 3.

Proposition 5.10 We have
zhy?(1 4 3z + 322 + 2%y + 3%y + a'y?)
(1 —a%y)? ’

Pios(z,y) =

aly?(1+ )
(1—2—a%y)(1—a?y)’

Pis(2,y) = Pos(z,y) =

and
Posi(z,y) = Paio(z,y) = 0.

Proof. The last line is immediate, since a permutation which contains a subsequence of type
3412 must also contain subsequences of type 231 and 312.

The fact that Pisa(z,y) = Pas(x,y) is immediate, since 213 is the reverse complement
of 132 and this operation preserves the cycle structure.

To obtain Py3s(x,y), use Theorem 5.6 to find that

1
Piss(z,y) = 2%y (ﬁ) Piss(z,y) + 2'y* -

14z 1
1—2%2y 1—1

Solve this equation for Py3s(x,y) to obtain the desired result.
The derivation of Pja3(x,y) is similar, using

3 1+ \° 3 1+
2 4 2
Pios(x,y) = 27y Pros(x,y) + 2y <(2) (1 —:B2y> — (1) (1 —:BQy) + 1) ‘

Combining Proposition 5.10 with Theorem 5.6 allows one to compute Pyox(z,y) for
various 7 of length 2 or 3. As an example, we next compute Pyci2(, ).

O
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Proposition 5.11 For all k > 1 we have

2

Sistwsa(ey) (L= 2y)Vina(5,9) = 2L+ )V a(,9)”
(1 — a2y) (1 — 22y)Vi(z,y) — 2/H(1 + 2) Vi (2,1))

P[k]elz(il?, ?/) = (30)

2k+1, k 2k+2, k+1

Here wop(z,y) = 1 + 2 — 2?8 1yk — o2 2081 and wop_1(z,y) = 1 + 2 — 22y — g2F+1

y*.

Proof. To prove (30) we argue by induction on k. The case £ = 1 is immediate from
Proposition 5.10, so suppose k > 2 and the result holds for £ — 1. Use Theorems 5.4 and 5.6
to find that

Puewz(z,y) =
rPyera(,y) + Izyp[k—uelz(% Y) Figer2(z,y) + IzyF[k—l]em(I, Y)Preiz(r,y)

4 gwk—2($> y)

2
TV 2y (Fie-ne12(,9))” Fyera(e, ).

Solve this equation for Pyecia2(x,y), use (25) to eliminate Fiyeio(z,y) and Fp_1je12(,y),
and use induction to eliminate Pj_1)512(,y), obtaining (30). O

We conclude this section by combining several of our results concerning Py (z,y) to com-
pute Pycosi(,y).
Proposition 5.12 For all k > 2 we have

(1+2) (Wi2)* + 302w (2, y) (W)
(1 — z2y) (Wi)* '

P[k]ez?,l(if, y) =

Here
Wi(z,y) = (1 — 2?y)V; — 2/y(1 + 2)V 1,
wzk(il?,y) -1 +or— 5172k+1yk _ $2k+2yk+1’

and

wor-1(z,y) = 1+ a — z*FyF — 2 F1yk,

Proof. 1t is routine using (10) and the analogue of (9) in which 1 &7 & 1 is replaced with
1 © 7 to show that

(1 —2?y)Vie1 — 2 /y(1 4 ) Vies
2y (1 —229)Vi — 2 /y(1 + 2)Vier)

Now set m = [k — 1] © 12 in (29) and use (25), (30), and (31) to simplify the result. O

Fiyessi(z,y) = (31)

In view of Conjecture 3.14 one might conjecture that Py, _; j(x,y) is symmetric in
l1,...,ln. However, it is not difficult using Maple to verify that the coefficient of 27 in
Ppagj(z,y) is 14y* 4+ 24y3 and the coefficient of 27 in P 21)(, y) is 11y? + 26y*, from which
it follows that Py 1)(2,y) # Pu2.1)(®,y), and even that Py (2, 1) # P 2q(z, 1).
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6 Involutions Which Contain 3412 and Another Pat-
tern Exactly Once

For any permutation m and any n > 0, let 1,,(;3412,7) (resp. I(;3412,7)) denote the set
of involutions of length n (resp. of any length) which contain exactly one subsequence of
type 3412 and exactly one subsequence of type 7. In this section we begin a study of the
generating function
Qulry)= S aliy.
oel(;3412,7)

It is possible to obtain results similar to the results of previous sections, but the expressions
involved become cumbersome quickly. For this reason we restrict our attention to Q(x,v).
Theorem 6.1 For all k > 2 we have

2x.\/y i Woi—3Vio Vi + Z;ﬁ] w2j+1V}2
(1 - zzy)vkz . ViaaVi

Q2w (z,y) =

=2
and

Q[2k+1] (17, y) =

2y i (VYVie1r + Viea) (/Y Vier + Vi)wai o + Z;;é(\/@‘/} + Vj—1)?wy;
(1 - l.2y) (\/gvk—l—l + Vk)2 i=1 (\/?7‘/@ + ‘/;—1)(\/?7‘/;—1-1 + ‘/;) ‘

2k+1, k 2k+2, k+1 2k, k

Here wop(z,y) = 1 + 2 — 2?8 yk — o2 2081 and wop_1(z,y) = 1 + o — 22yt — g2F+1

y*.

Proof. In view of Theorems 5.4 and 5.6 we have
Quy(z,y) =
2Qu(x, y) + 2y Qp—2)(z, y) Firy(z,y) + 2y Ppe—g)(z, ) Gy (2, )

+x2yF[k—2] ($> y)Q[k] ($> y) + zzyG[k—Q] ($> y)P[k] ($> y)

wi_3(x,
raty? (2 (260 o) Fca o) o)+ Giao,) (Fuca))).

Solve this equation for Qu(z,y) and use (9) to obtain a recurrence relation for Qu(x,y).
Now the result follows by induction on k, using Theorem 3.8, Proposition 5.8, the fact that
Qui(z,y) = Qu(x,y) = 0, the fact that

1

Gpn(r,y) = Vi(z,y)

1
2 (ViVi(z.y) + Viea (2,9))"

and the fact that

G[2k—1] (17, y) =
O

Theorem 6.1 enables us to find |I,,(; 3412, [k])| for various k. For instance, for all n > 6
we have
|1,,(; 3412, 4321)| = (3n? — 23n + 38)2"~%.
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